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1 Introduction

These are my final review notes for MATH 23500, Markov Chains, Martingales, and Brownian
Motion, at the University of Chicago with Prof. Ewain Gwynne.

2 Markov Chains

Definition 2.1 (Stochastic processes). A stochastic process is a collection of random variables
(X4¢)t, taking values in a state space S and indexed by timest € T.

Definition 2.2 (Markov processes). A discrete-time stochastic process (X, )nen is called a
Markov process if for all n € N and sq, $1, ..., Sp—1,Sn € 5,

P(Xn = 3n|X0 = S0, ~-~7Xn—1 - Sn—l) - P(Xn - Sn|Xn—1 - sn—l)
It is moreover called time-homogeneous if for alln € N and x,y € S,

We can therefore fully describe a Markov chain by an initial distribution and transition probabilities
p(z,y) = P(X1 = y|Xo = ). We may further define p"(z,y) = P(X,, = y|Xo = z).

Proposition 2.1. If (X,)nen € S is a Markov chain, then for any n,m € N and z,y € S, we have
PP y) =Y p (@, )" (2,y)
z€S

Proposition 2.2. We can define the transition matriz by Pli,j| = p(i,5). Then for any n € N,
P, gl = p" (i, j)-

3 Recurrence and Transience for Finite S

Definition 3.1 (Communication classes). If (X,)nen takes values in a finite state space S then
we may define a relation by x ~ y if there exist m,n € N such that p™(x,y) > 0 and p"(x,y) > 0.
This is in fact an equivalence relation, and allows us to partition S into blocs called communication
classes.
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Definition 3.2 (Recurrence, Irreducibility). A communication class C is called recurrent if
p(z,y) =0 for any x € C and y ¢ C. Otherwise, it is called transient. If a Markov chain has only
one communication class, then it is called irreducible.

Proposition 3.1. Suppose S is finite, C' is a recurrent communication class, and Xog € C. Then
with probability 1, (X,) wisits each © € C infinitely many times. On the other hand, if C is
transient, then with probability 1, (X,,) eventually leaves C and never returns.

4 Strong Markov Property

Definition 4.1 (Stopping time). A random variable 7 € Ng U {o0} is called a stopping time if
for all n € Ny, the event {T = n} is fully determined by Xo, X1, ..., Xp.

Theorem 4.1 (Strong Markov property). Let 7 be a stopping time. Let n >0, m > 1, and let
X0y X1y oy Ty € S such that P(Xg = g, ..., X7 = x,) > 0. Then for any y1, ..., Yym € S, we have

P(XT+1 = Y1, -~-aX‘r+m=ym|X0 =g, ..., X7 = xn) = P(Xl =, vy X, = ym‘XO = xn)

Proposition 4.1. Suppose Xo = x € S and with probability 1, (X,) hits x infinitely many times.
If 70,71, ... are successive times such that X,, = x, then the increments (X, ..., X5, ) are i.i.d.
for all k € Nxy.

Proposition 4.2. Suppose that Xg = = and with probability 1, X,, = x for infinitely many n. If
y € S such that p™(z,y) > 0 for some m € N, we can define M to be the number of times we hit
x before hitting y. Then M has a geometric distribution with some probability p, i.e. P(M =m) =
p(1 —p)™=1 form > 1.

Periodicity
Definition 4.2 (Period). Given a Markov chain (X, )nen, on a countable state space S and x € S,
we define the period of x by

ged(Jy) == ged({n > 1: p"(z,x) > 0})

Proposition 4.3. Let (X,,) be as above, and consider x € S. If d = ged(J;) then J, contains kd
for large enough k.

Proposition 4.4. If x ~ y are in the same communication class, then they have the same period,
d(x) = d(y).

Definition 4.3 (Aperiodic). If all x € S have d(x) = 1, then we call (X,,) aperiodic.

5 Stationary Distributions

Definition 5.1. Let (X,,) be a discrete-time Markov chain on a finite state space S. We say that
7w : S —[0,1] is a stationary distribution if
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m(y) =Y w(x)plx,y),Vy € S
€S
FEquivalently, we have:

1. mP =m, where S = {1,...,n} and P is the transition matric
2. If Xo ~m then X,, ~7 for alln € N

Theorem 5.1. Let (X,,) be an irreducible and aperiodic Markov chain on a finite state space S.
Then it has a unique stationary distribution © and for any x,y € S,

lim P(X,, = y[Xo =) =7(y)
n—oo
Proposition 5.1. Let 7 be the stationary distribution for (X,,) and for x € S, let T,, = min{n >
1: X, =x}. Then
(@) 1
() = =—————
YT E[TLXo = 2]

Recurrence for Countably Infinite S
Definition 5.2. Let (X,,) be a Markov chain on a countable state space S. We call (X,,) irreducible
if for all x,y € S, there exists n € N such that p"(x,y) > 0.
Definition 5.3. A state x € S is called recurrent if
P(3 infinitely manyn>1: X, = x| Xg=2) =1
and transient otherwise.

Proposition 5.2. If (X,,) is irreducible, then either every state is recurrent or every state is
transient.

Proposition 5.3. A state x € S is recurrent iff

> pta,z) =0

n=0

Proposition 5.4. Let (X,,) be the biased random walk on Z: the probability of taking a step forward
is p, and the probability of taking a step backward is 1 —p. If N > 1 and x € {1,...,N — 1}, then

. (52)r -1 1
P(X hits N before 0|Xo = ) = Ton 1P 75
p
1
P(X hits N before 0| Xy = x) = % P=3

Taking the limit as N — oo, we have for any x > 1 that

P(X hits 0| Xg=2) =1, p<

DN |

1 1
P(X hits 0| Xy = 2) = (Tp)x, P>

Consequently, (X,,) is recurrent iff p = %, and transient otherwise.
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Definition 5.4. Suppose S is countable and (X,,) is irreducible and recurrent. We say that it is
null-recurrent if for all x,y € S,
lim p"(z,y) =0

n—00
and positive-recurrent otherwise.
Proposition 5.5. If (X,,) is irreducible, then the following are equivalent:
1. (X,,) is positive recurrent
2. (X,) has a stationary distribution
3. limsup,, ., p"(x,y) >0 for allz,y € S
4. If Ty =min{n >1: X,, =z} then E(Tx|Xo =z) < 00 for allz € S

Moreover, if (X,,) is aperiodic and positive recurrent then the stationary distribution m is unique
and

@ 1
(1) = =————
E(T,| X0 = x)
forallz € S.
Proposition 5.6. If (X,,) is irreducible and © € S then
1. (X,,) is transient <= Y.~ p"(z,z) < 00
2. (X,) is null-recurrent <= limy, o0 p"(2,2) =0 and Y~ p"(z,z) = 00
3. (X)) is positive-recurrent <= limsup,,_, .. p"(z,x) >0

Theorem 5.2. The simple random walk on Z¢ is null-recurrent for d = 1,2 and transient for
d>3.

Proposition 5.7 (Stirling’s formula).
nl ~V2mn e

Proposition 5.8. Let (X,,) be the biased random walk (with reflected boundary) on Nso with
probability p < % Then the stationary distribution is given by

Branching Processes

We can model population growth with a branching process as follows. First, let (pg)r>0 with pp >0
and Y pr = 1. Then let Y,,, be i.i.d random variables with P(Y,,, = k) = px. Then we define Xy =1
and X,41 = Zi”:l Y,.. Here, Y,, models the number of children of individual m, which dies after
one generation.

Definition 5.5 (Extinction probability). We define the extinction probability by
PEn>1:X,=0X,=1)
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Remark: if p = E(Y;) then E(X,,) = p"E(Xo).
Proposition 5.9. If p <1 then a =1.

Definition 5.6 (Generating function). For any random variable Y € N>, we define its gener-
ating function by

p(s) = py(s) =E(s") = ) P(Y = k)s"
k=0

Remark: ¢’'(1) = E(Y) and if Y7, ..., Y,, are independent then

DY) +Yat .4V, (8) = H Py; (s)
i=1

Proposition 5.10. If (X,,) is a branching process and ¢ is the generating function for Y; ~ (pi),
then

x,(s) = 9" (s)

Proposition 5.11. Let (X,,) be a branching process with offspring distribution (py), and let ¢ be its
generating function. Then if 0 < pg < 1, the extinction probability is the smallest positive solution

to ¢(s) = s.

Proposition 5.12. Let (X,) be a branching process with offspring distribution (py) and mean pu.
Then

1. If p>1thena<1
2. If u <1 andpy#0 thena=1

Poisson Processes

Definition 5.7. A random variable Y ~ Poiss(\) has the Poisson distribution with parameter \
if for all k € N>,

Ae=A
Remark: E(Y) = A

Proposition 5.13. If Y7 ~ Poiss(\1) and Yo ~ Poiss(\s) are independent then Y1 + Yo ~
Poiss(A1 + Ag).

Definition 5.8. The Poisson process with rate X is the continuous-time stochastic process (X;)
such that Xo = 0 and for any times

0<s1<t1 <8<t <...<sp <ty

the random variables th — ij are i.i.d for 1 < j < k and each has a Poisson distribution with
mean A(t; — s;).

Definition 5.9. A random variable T € [0,00) has the exponential distribution with parameter A
if for each t > 0, P(T > t) = e~ .
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Remark: Such a distribution has mean %
Definition 5.10. Let the arrival times of a Poisson process be denoted by 7; = inf{t > 0: X; = j}.

Then the increments 7; — Tj_1 are i.i.d and have the exponential distribution with parameter \.

Proposition 5.14. If T ~ exp(X) then the distribution of T —t conditioned on the event {T > t}
is also exponential()).

Proposition 5.15. Let Ti,...,T,, be independent exponential random variables with parameters
ALy ooy An. Then min{Ty, ..., T,,} ~ exp(A1 + ... + \p). Moreover,

. s
P(T; = min{Ty, ..., T,}) = m

Continuous-Time Markov Chains

Definition 5.11. We define (X3), a continuous-time Markov chain taking values in a state space
S, as follows. It is defined by rates a(x,y) > 0 for x £y € S. Supposing we start in state x, then
for all y with a(x,y) # 0, we define independent random variables T, ~ exp(a(x,y)). Then we
set T =minTy, and at time T the Markov chain jumps from x to y such that T, = T. Note that
T ~ exp(a(z)) where a(z) =3, ., a(z,y). Moreover, P(X1 =y) = % From here, we repeat

the process starting at y.

Proposition 5.16 (Continuous-time Markov property). Lett > 0 andx € S. The conditional
distribution of (Xi1s)s>0 given Xy = x is the same as the distribution of (Xs)s>o given Xo = .

Definition 5.12. Given a continuous time Markov chain (X;), we may define the associated

discrete-time Markov chain (X,,) by X, = X, where 1, is the time of the n-th jump. Then

a(zy

the discrete-time Markov chain has transition probabilities p(x,y) = a(l_)) and p(xz,z) = 0.

Definition 5.13. We define the time-t transition probabilities by pi(z,y) = P(X; = y|Xo = z).
Labeling S = {1, ..., N}, we define the transition matriz by Py[i, j| = p:(i,7) for 1 <i,j < N.

Definition 5.14 (Infinitesimal generator). We define the infinitesimal generator by Ali, j] =
a(i, j) fori # j and Ali,i] = —a(i).

Proposition 5.17. The transition matrices P, solves Py = I and %Pt = PA. As a result,
P, =eA. If A=QDQ " is diagonalizable then et = Qe!P Q1.

Definition 5.15. A continuous-time Markov chain is irreducible if pi(x,y) > 0 for all x,y € S
and t > 0.

Proposition 5.18. A stationary distribution for a continuous-time Markov chain is one such that
YowesT(x) =1 and Xo ~7m = Xy~ for allt > 0. This is equivalent to TA = 0.

Proposition 5.19. If (X;) is irreducible, then it admits a unique stationary distribution w. More-
over, limy_,o0 pt(z,y) = w(y) for all x,y € S.

Summary of differences between discrete-time and continuous-time Markov chains:

1. In both cases, S is discrete, but ¢ is indexed by N> or R>g
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2. Discrete time: transition matrix P of probabilities p(z,y)
3. Continuous time: transition matrix A of rates a(z,y)
Discrete time: p"(z,y) = P"[z,y]

Continuous time: p;(z,y) = et [z, y]

Discrete time: stationary distribution solves 7P = 7

N o e

Continuous time: stationary distribution solves 7A = 0.

The midterm content ends here.

6 Conditional Expectation

For discrete random variables X and Y, the conditional expectation given Y = y is defined as

Zg;es a:f(x, y)

B == )

The random variable E[X Y] is thus defined as

Ppesef(@Y)
ers f(.??, Y)

For continuous random variables X and Y, the conditional expectation as a random variable is
given by

E[X|V] =

fxf(:z:, Y)dzx

B =T )

where f(z,y) is the joint density and

P[XEA,YEB]z/A/Bf(a:,y)dydac

Definition 6.1 (Conditional expectation). Let X and Y be random variables with X taking
values in R and E[|X|] < co. Then the conditional expectation E[X|Y] is the unique random variable
with the following properties:

1. E[X|Y] is a function of Y
2. If F(Y) is a function of Y taking values in R with E[|F(Y)|] < co then

EXF(Y)] = E[EX[Y]F(Y)]

Definition 6.2. Given a sequence of random variables Yy, ..., Y, , we define F, to be the information

in Yo, ..., Yo, so that E[X|F,] = E[X|(Yo, ..., Yn)].
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Proposition 6.1. E[X|F,] is the unique random variable such that E[X|F,] is F,-measurable and
if Z is Fp-measurable then E[X Z] = E[E[X|F,]Z].

Proposition 6.2. If X; and X5 are random variables in R and a,b € R are nonrandom then
E[aXl + bX2|.7:n] = CLE[Xﬂfn] + bE[X2|]:n]

Proposition 6.3. If X is F,-measurable then E[X|F,] = X.
Proposition 6.4. If X is independent from F, then E[X|F,] =E[X].
Proposition 6.5. If Z is F,-measurable then E[ZX|F,] = ZE[X|F,].
Proposition 6.6. We have E[E[X|F,]] = E[X].

Proposition 6.7. If m < n then E[E[X|F,]|Fm] = E[X|Fmn].
Proposition 6.8. We have |E[X|F,]| < E[|X]||Fx].

7 Martingales

Definition 7.1. Let {M,} be a sequence of random variables and let {F,} be a filtration. {M,}
is called a martingale w.r.t {F,} if it satisfies the following properties:

1. Fach M, is F,, measurable
2. E[|M,|] < oo for each n
3. For each m < n, E[M,|Fn] = My,
Proposition 7.1. If M, is a martingale then E[M,] = E[M,] for each n € N.

Proposition 7.2. To show that E[M,|F.,] = My, for allm < n, it suffices to check that E[M|F,—1] =
M, for alln > 1.

Example 7.1. Let X;, X5, ... be i.i.d random variables with mean z and variance o2. Moreover, let
Sp,=> ", X, and let F, be the information in (X1,..., X;,). Then M,, = S,, — un is a martingale
w.r.t F,. Moreover, if u = 0 then M,, = S? — 0n is a martingale.

Example 7.2. Let Yy, Y1,... be random variables and let F,, be the information contained in
(Yo, ..., Y,). If X is a real-valued random variable satistying E[|X|] < oo, then M,, = E[X|F,] is a
martingale.

Theorem 7.1 (Optional Stopping Theorem). Let {M,} be a martingale w.r.t {F,} and let T
be a stopping time. Assume that:

1. Plr <o0] =1

2. E[|M,]] < oo

3. iy, 00 B[Myy 1 (7ony] = 0
Then E[M,] = E[Mo).
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Proposition 7.3. To check the last condition in the optional stopping theorem, it suffices to show
that one of the following holds:

1. There ezists a non-random C > 0 such that |M,| < C for all n.
2. There exists C > 0 such that E[M?2] < C for all n.

Proposition 7.4. Let {M,} be a martingale w.r.t {F,} and let T be a stopping time. Then {Mnn,}
(where n A T is the minimum of the two times) is also a martingale w.r.t {F,}.

Proposition 7.5. Let {X,} be a discrete-time Markov chain on a countable state space S, and let
C be a finite transient communication class. Then there exists ¢ > 0 such that for any x € C' and
j €N, P[Xexits C before time j|Xg =] >1— e,

Theorem 7.2 (Martingale Convergence Theorem). Let {M,} be a martingale w.r.t {F,}.
Assume that there exists C > 0 such that E[|M,|] < C for all n. Then with probability 1, the limit

M = lim M,

n— 00
exists.

Proposition 7.6. To apply the martingale convergence theorem, it suffices to instead check one of
the following:

1. There exists K > 0 such that M, > —K for all n. (Or M, is bounded above.)
2. There ezists C > 0 such that E[M2] < C for all n.

8 Brownian Motion

Definition 8.1 (Standard Brownian Motion). Standard Brownian Motion is the continuous-
time process {By}i>0 taking values in R with the following properties:

1. The map t — By is continuous

2. For all s1 <t; < 59 <ty < ... < sg < tg, the increments Bt]. — BSJ forj =1,2,.... K are
independent

3. For all0 < s <t, By— Bs~ N(0,t—s)
Proposition 8.1. If X ~ N(u,02) then the density function is given by
2

_ 1 (x—p)
f(fl?) - Wﬁxp(_ 252 )

Proposition 8.2. Let B; be a standard Brownian motion and let ¢ > 0. Then t — c_%Bct s also
a standard Brownian motion.

Proposition 8.3. For each t > 0, it holds with probability 1 that B is not differentiable at t.
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Definition 8.2. Let (X7, ..., X}) be vectors of K real-valued random variables. Then we say
(X7, Xg) = (X1,.... XK)
in distribution if for any real numbers a1 < by,...,ax < by such that
PIX; € {a;,0;}] =0
forall 5 =1,..., K, we have that

lim Pla; < X7 < by, eyax < X <bg] =Plag < X7 < by,...,ax < Xg < bg]

n—r oo

Proposition 8.4. Convergence in distribution is equivalent to the following: for every bounded
continuous function f: RX = R,

lim E[f(X7,..., Xg)] =E[f(X1,..., XK)]

n— oo

Theorem 8.1. Let {X;} be the unbiased random walk on Z. Moreover, let X; := (t — j) X141 +
(j+1—-t)X; forallt e [j,j+1). We can consider times 0 < t; <ty < ... < tg. Then the joint
distribution (n_%Xntl, ...,n_%XmgK) converges to the joint distribution of (By,, ..., Bt,).

We define the continuous-time filtration {F;} as the information in {B; : s < t}.

Proposition 8.5. For each t > 0, the process {Bs1+t — Bi}s>0 s a standard Brownian motion that
is independent from F;.

Proposition 8.6. The standard Brownian motion By is a martingale w.r.t Fy.

Theorem 8.2. Let {M;} be a martingale w.r.t {F;} such that t — My is continuous and let T be
a stopping time. Suppose that there exists C > 0 such that

Plr < oo, |M <CVEt<7]=1
Then E[M,] = E[Mo)]

Proposition 8.7. Let a,b > 0 and let 7 = min{t > 0: B, € {—a,b}}. Then

a+b
Proposition 8.8. Brownian motion is recurrent, in the sense that for each T > 0,
PEt>T:B =0 =1

Proposition 8.9. Let 7 be a stopping time. Then the process {Bsir — Br}s>0 is a Brownian
motion independent of F..

Proposition 8.10 (Reflection principle). Let {B;} be a standard Brownian motion and let
a>0. Then

>al = >
P[Orélgéct B;s > a] = 2P[B; > q]

10
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Definition 8.3. The density function of the normal distribution on R® with mean zero and covari-

ance matriz o1 is given by
1 l=f]?

f(z) = mexp( 952

)
Proposition 8.11. Let X ~ N(0,0°I) be a normal random variable in R? and let Q be a d x d
orthonormal matriz. Then QX ~ X.

Definition 8.4. The standard Brownian motion on R is the process {(B}, ..., B{)}t>0 where the
B} are independent standard Brownian motions in R.

Proposition 8.12. The standard Brownian motion B on R? is the unique process with the following
properties:

1. The function t — By is continuous
2. By has independent increments
3. For each 0 < s <t, B, — By ~ N(0,(t — s)I)
We have that B satisfies Brownian scaling, the Markov property, and the strong Markov property.

Proposition 8.13. Let B, be a standard Brownian motion on R? and let Q be a d x d orthonormal
matriz. Then QBy is also a standard Brownian motion.

11



